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Abstract

The problem of radiation heat transfer coupled with other modes of heat transfer is important in many engineering applications. Some examples
are the heat transfer in glass fabrication and in thermal isolation materials. The angular and spatial discretization of the radiative transport equation
in the discrete ordinates method (DOM) plays an important role to obtain accurate numerical results. Two high order spatial discretization schemes
are used and compared. One spatial discretization scheme is unidirectional and the other is multidimensional interpolating scheme. Different
angular quadratures are selected and tested to obtain accurate results with less computational time. The radiative heat transport equation is solved
using the conventional procedure of solution for DOM and the algorithm is validated by comparison with literature exact solutions for different
two-dimensional cases. The radiative source term in the energy equation is computed from intensities field. The radiative conductive model is
validated by comparison with test cases solutions from the literature. Non-uniform grids are implemented for multidimensional spatial scheme and
the results are compared with the result of uniform grid showing agreement. Also, the non-uniform grids are tested in cases of high temperature
gradients. To accelerate convergence an adequate relaxation factors in radiative heat transport equation and in energy equation are used. The
method can be used to handle cases with reflecting boundaries.
© 2005 Elsevier SAS. All rights reserved.
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1. Introduction

In many engineering applications, the problem of radiation
coupled with other modes of heat transfer is important. The
heat transfer in glass fabrication and industrial furnaces are
some examples of such applications. It is generally required
to solve a multidimensional radiation field using computational
techniques. Due to the fact that the reaction rates and density
distributions are closely related to the local gas temperature,
the influence of radiation heat transfer on the combustion dy-
namics is very strong and the radiation heat transfer can signifi-
cantly affect the gas temperature and walls. In practice radiative
heat-transfer calculations are complex and consequently many
approximate solutions are proposed, including, among others,
methods based upon diffusion approximation, the methods of
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Pn and simplified Pn, the method of discrete ordinates, the
method of discrete transfer, and the method of finite volumes.

The Rosseland diffusion equation for radiative energy trans-
fer has the same form as the Fourier law of heat conduction
and this allows solution of some radiation problems and is also
used for simplified cases in some CFD codes, as Phoenics and
CFX. The Pn approximation introduced initially by Krook [1]
and Cheng [2] is simply taking the momentum of the radiative
transport equation to obtain a system of equations free of the
angular dependence. Each Pn approximation results in a sys-
tem of n2 equations and in the limit, that is, for large n, the Pn

approximation results in the solution of the transport equation.
The method of discrete ordinates DOM is an attractive

simplified method to solve radiative transfer problems. This
method was originally formulated by Chandrasekhar [3] and
developed by Lathrop and Carlson [4] and Lathrop [5]. Five-
land [6,7] formulated an accurate method of discrete ordinates
of the first order based upon the method of control volumes
for two-dimensional and three-dimensional enclosures and pre-
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Nomenclature

A area . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m2

dx,dy dimensions of control volume in x and y

direction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
cp specific heat . . . . . . . . . . . . . . . . . . . . . . . J kg−1 K−1

G non-dimensional incident radiation intensity
k thermal conductivity . . . . . . . . . . . . . . . W m−1 K−1

I radiation intensity . . . . . . . . . . . . . . . . . . W m−2 sr−1

Ib blackbody radiation intensity . . . . . . . . W m−2 sr−1

Lx,Ly dimensions of the cavity in x- and y-direction. . m
M number of discrete directions
n unit vector normal to the surface
N Planck number
P Pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . N m−2

Q dimensionless heat flux
q local heat flux per unit area . . . . . . . . . . . . . . W m−2

qr net total radiative flux. . . . . . . . . . . . . . . . . . . W m−2

r vector position . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
rx, ry parameter of non-uniform grid
Sdf deferred factor correction
Sr radiative source term . . . . . . . . . . . . . . . . . . . W m−3

SLT radiative source function . . . . . . . . . . . . W m−2 sr−1

T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
V volume. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m3

w weight of angular quadrature

x/y x/y-coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

β extinction coefficient . . . . . . . . . . . . . . . . . . . . . . m−1

βf coefficient of thermal volumetric expansion . K−1

ε total emissivity
κ absorption coefficient . . . . . . . . . . . . . . . . . . . . . m−1

λ relaxation factor
ρ reflectivity
ρf medium density . . . . . . . . . . . . . . . . . . . . . . . . kg m−3

σ scattering coefficient . . . . . . . . . . . . . . . . . . . . . . m−1

σo Stefan–Boltzmann constant . . . . . . . . . W m−2 K−4

μ direction cosine
ξ direction cosine
Ω direction vector
Θ non-dimensional temperature

Subscripts

h/c hot/cold
i, j space grid position
m the mth discrete ordinate

Superscripts

n iteration number
m the mth discrete ordinate used for radiative intensity

(I,SLT )
sented general outlines of the method. Viskanta and Menguc [8]
used the method in combustion problems, while Ramankutty
and Crosbie [9,10] presented a more recent and extensive re-
view and used this method to formulate the so-called modified
discrete ordinates. Later, Sakami and Charette [11] applied the
modified discrete ordinates using triangular grids and finite ele-
ments methods. The techniques of total variation (TVD), pre-
sented by van Leer [12] and Hearten [13], were applied by
Jessee and Fiveland [14] to solve radiation problems. Based
upon the techniques TVD, Jessee and Fiveland [14] formu-
lated a second order interpolation CLAM scheme. Based upon
genuinely two-dimensional advection schemes (Sidilkover and
Roe [15]), Balsara [16] formulated a new second order scheme
with multidimensional interpolation for RTE, and is called gen-
uinely multidimensional (GM), and the resulting non-linear
system of equations is solved by using multigrid techniques in
conjunction with the Newton–Krylov method.

The selection of angular quadrature is also one important as-
pect to consider to obtain accurate solutions as in Fiveland [6,
7], Truelove [17], Balsara [16], Thurgood [18] and Koch et
al. [19]. One serious drawback of the method is the so-called
“ray effect”, which is a consequence of angular discretization.
As it is explained in Modest [20], if one considers an enclosure
with a very small zone of very high emission, the intensity from
this zone will be carried away from it into the directions of the
discrete ordinates. Far away from the emission zone, these rays
may become so far apart that some control volumes and/or sur-
face zones may not receive any energy from this high-emission
zone, and hence leading to unphysical results.

Rousse [21] and Rousse et al. [22] used the control vol-
ume method for RTE and the finite element method for the
energy equation in the solution of conduction–radiation and
convection–radiation problems in two-dimensional closed cav-
ities and canals. In their method, the calculation domain is di-
vided in triangular finite elements. Lee and Viskanta [23] com-
pared solutions of combined radiation–conduction heat transfer
in two-dimensional semitransparent media using the finite vol-
ume method for the energy equation coupling with both DOM
and diffusion approximation for RTE. They applied this ap-
proach in a glass fabrication problem.

Lacroix et al. [24] used the discrete ordinates method to
solve the coupled radiative conductive heat transfer in 2D ho-
mogeneous materials such as glass. The media is considered
as non-gray absorbing and emitting semitransparent media. In
their work a kind of spatial differencing schemes was used and
the results for the weighted and the step schemes were pre-
sented. Recently, Talukdar and Mishra [25] applied a novel
collapsed dimension method for the combined conduction–
radiation problem in one-dimensional gray media.

The objective of the present paper is to use an efficient
method suitable for working with Cartesian non-uniform grids
in 2D situations to solve the RTE and couple the developed
code with problems including combined conduction and radi-
ation. In the present study, to handle the problem of radiation–
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conduction within two-dimensional enclosure with diffusely
emitting and reflecting walls the method of discrete ordinates
based upon the method of control volume is used. Also the
CLAM scheme and the GM scheme are used for the spatial dis-
cretization in conjunction with different angular quadratures.
The energy equation is solved using control volume method
considering the divergence of the radiant flux vector as one ra-
diative source term. The predictions are validated with other
results obtained by different approaches developed by other au-
thors. Uniform and non-uniform grids are implemented, tested,
and their convergence and accuracy are compared.

2. Formulation

The energy equation at any location within a radiating
medium is given by

ρf cp

DT

Dt
+ ∇ · (−k∇T ) + ∇ · qr

− q ′′′ − βf T
DP

Dt
− φd = 0 (1)

where ∇ · qr , the divergence of the radiant flux vector qr is
considered as a radiative source term; D

Dt
is the substantial

derivative; βf is the coefficient of volumetric thermal expan-
sion of the fluid; q ′′′ is the local heat source per unit volume
and time, and φd is the heat production by viscous dissipation.

The energy equation for coupled radiation–conduction heat
transfer of an absorbent, emitter and isotropic scatter media,
under steady state and with constant thermal conductivity is as
in Siegel and Howell [26]:

k∇2T − ∇ · qr = 0 (2)

Writing the radiative source term as

Sr = −∇ · qr (3)

The energy equation is

k∇2T + Sr = 0 (4)

In two-dimensional Cartesians coordinates, one can write

k
∂2T

∂x2
+ k

∂2T

∂y2
+ Sr = 0 (5)

To obtain the temperature distribution in the medium by
solving Eq. (5) it is necessary to relate ∇ · qr to the temper-
ature radiation distribution within the medium. One approach
is to obtain ∇ · qr directly by considering the local radiative in-
teraction with a differential volume in the medium. The local
divergence of the radiative flux is related to the local intensities
by

∇ · qr = κ

[
4πIb(r) −

∫
Ω=4π

I(r,�)d�

]
(6)

To obtain the radiation intensity field and ∇ · qr it is nec-
essary to solve of the radiative transport equation (RTE). The
RTE for an absorbing, emitting gray gas medium with isotropic
scattering can be written as in Siegel and Howell [26],
(� · ∇)I(r,�)

= −(κ + σ)I(r,�) + σ

4π

∫
4π

I(r,�′)d�′ + κIb(r) (7)

where I(r,�) is the radiation intensity in r, and in the direc-
tion �; Ib(r), is the radiation intensity of the blackbody in the
position r and at the temperature of the medium; κ and σ are
the gray medium absorption and scattering coefficients; and the
integration is in the incident direction �′.

For diffusely reflecting surfaces the radiative boundary con-
dition for Eq. (7) is

I(r,�) = εIb(r) + ρ

π

∫
n·Ω ′<0

|n · �′|I(r,�′)d�′ (8)

where r belongs to the boundary surface �, and Eq. (8) applies
for n · � > 0, I(r,�) is the radiation intensity leaving the sur-
face at the boundary condition, ε is the surface emissivity, ρ

is the surface reflectivity and n is the unit vector normal to the
boundary surface.

In the method of discrete ordinates the equation of radiation
transport is substituted by a set of M discrete equations for a
finite number of directions �m, and each integral is substituted
by a quadrature series of the form,

(�m · ∇)I(r,�m)

= −βI(r,�m) + σ

4π

M∑
k=1

wkI(r,�k) + κIb(r) (9)

where wk are the ordinates weight. This angular approximation
transforms the original equation into a set of coupled differen-
tial equations, with β = (κ + σ) as the extinction coefficient.
Eq. (6) in discrete ordinates is,

∇ · qr = 4πκIb(r) −
M∑

m=1

wmκIm (10)

Let,

Sm = σ

4π

M∑
k=1

wkI(r,�k) (11)

where Sm represents the entering scattering source term.
The two-dimensional radiative transport equation in the m

direction for an emitting, absorbing and scattering medium is

μm

dIm

dx
+ ξm

dIm

dy
= −βIm + κIb + Sm (12)

where μm, ξm, are the directional cosines of Ωm.
The reflection boundary condition in discrete ordinates can

be written as

Im = εIb + ρ

π

∑
m′

μ′
m<0

wm′ |μ′
m|Im′ , μm > 0 in x ∈ Γ (13)

Im = εIb + ρ

π

∑
m′

ξ ′ <0

wm′ |ξ ′
m|Im′ , ξm > 0 for y ∈ Γ (14)
m
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(a) (b) (c)

Fig. 1. Interpolation stencil. (a) Volume of control [i, j ]; (b) CLAM scheme; (c) GM scheme.
The discretization in finite volumes can be obtained by mul-
tiplying Eq. (12) by dx dy and integrating over the control vol-
ume (i, j) as in Fig. 1(a)

μmAx

(
Im

i+ 1
2 ,j

− Im

i− 1
2 ,j

) + ξmAy

(
Im

i,j+ 1
2
− Im

i,j− 1
2

)
= Vi,j

[(
κIb − βIm

)
i,j

+ Sm

]
(15)

where Vi,j is the control volume i, j in m3.
Assuming that the boundary conditions are given, the sys-

tem of equations is closed and defines an interpolation system
relating the intensities at the face to the nodal values.

3. Interpolation schemes at the faces

In the present work the CLAM scheme of Jessee and Five-
land [14] and the multidimensional scheme (GM scheme) of
Balsara [16] are used. In the single direction scheme CLAM,
the interpolation in a given face involves three grid nodes and
can be represented by three-point scheme as in Fig. 1(b) for
the face f . The multidimensional non-linear high order scheme
of Balsara [16] so-called genuinely multidimensional (GM),
which was used in previous work [27] with uniform grid is
now extended for non-uniform grid. The scheme uses the lim-
iting flux technique and the Van Albada limiter, in the form:

Limiter[x, y] = xy2+yx2

x2+y2 , as proposed by Balsara [16].
For non-uniform Cartesian grid, the following interpolation

relations are used to define this scheme (see Fig. 1(c)): for

μm � 0; ξm � 0; μm

dxi,j

� ξm

dyi,j

μmIm
i−1/2,j = μmIm

i−1,j−1 + 0.5 Limiter

[
μm

(
Im
i,j − Im

i−1,j−1

)
− dxi,j Sm

LTi,j
,

(
μm − ξm dxi,j

dyi,j

)(
Im
i−1,j − Im

i−1,j−1

)]

and

ξmIm

i,j− 1
2

= ξmIm
i,j−1 (16)

with

Sm
LTi,j

= −(κi,j + σi,j )Im
i,j + κi,j Ibi,j

For
μm � 0; ξm � 0; μm

dxi,j

� ξm

dyi,j

μmIm

i− 1
2 ,j

= μmIm
i−1,j

ξmIm

i,j− 1
2

= ξmIm
i−1,j−1 + 0.5 Limiter

[
ξm

(
Im
i,j − Im

i−1,j−1

)
− dyi,j Sm

LTi,j
,

(
ξm − μm dyi,j

dxi,j

)(
Im
i,j−1 − Im

i−1,j−1

)]
(17)

For one type of non-uniform grid one can write

dxi,j = rx dxi−1,j and dyi,j = ry dyi,j−1 (18)

For the symmetric grid used here for the x and y axes, the
values of rx and ry are varied between 1.0 to 1.3.

4. Method of solution of RTE

To discretize the radiative transport equation, one can rewrite
Eq. (15) based upon the method outlined in Ismail and Salinas
[27] as,(
Im
i,j

)n+1 =
[
Vi,j (κIbi,j )

n + |μm|Ax

(
Im
i−1/2,j

)n+1

+ |ξm|Ay

(
Im
i,j−1/2

)n+1 + Vi,j Sn
m + Sn

df

]
× [|μm|Ax + |ξm|Ay + βVi,j

]−1
(19)

Where Sm is calculate by Eq. (11) and Sdf is the deferred factor
correction as calculate in Ismail and Salinas [27]

Sn
df = |μm|Ax

(
Im
i,j − Im

i+1/2,j

)n

+ |ξm|Ay

(
Im
i,j − Im

i,j+1/2

)n (20)

The values of the intensities in the faces (Im
i+1/2,j )

n and
(Im

i,j+1/2)
n are interpolated using the CLAM or GM schemes

while the values of the intensities (Im
i−1/2,j )

n+1 and

(Im
i,j−1/2)

n+1 are interpolated using a step scheme.

5. Method of solution of radiative conductive model

To solve the coupled radiation–conduction problem, Eqs. (2)
and (6) are converted to non-dimensional form, as in Kim et
al. [28],
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1

τ 2
Lx

∂2�(r)
∂X2

+ 1

τ 2
Ly

∂2�(r)
∂Y2

= 1 − ω

N

(
�4(r) − 1

4

M∑
m=1

wmGm

)
(21)

With the boundary conditions

Θ(0, Y ) = 1 (22)

Θ(1, Y ) = 0.5 (23)

Θ(X,0) = Θ(X,1) = 0.5 (24)

The parameters and non-dimensional variables are

X = βx/τLx, Y = βy/τLy

τLx = βLx, τLy = βLy, ω = σ/β

N = kβ/4σoT
3
h , Θ = T/Th, G = I/σoT

4
h

where G is the non-dimensional incident radiation intensity.
Let, the source term

Sr = 1 − ω

(
�4(r) − 1

4

M∑
m=1

wmGm

)
(25)

Then the energy equation is

1

τ 2
Lx

∂2�(r)
∂X2

+ 1

τ 2
Ly

∂2�(r)
∂Y2

= Sr

N
(26)

After solving the intensities and temperature fields, the heat
fluxes can be calculated. The dimensionless directional heat
fluxes, Qx and Qy , consist of both conduction and radiation.
They are thus defined as in [28]:

Qx = − 4N
τLx

∂�

∂X
+

M∑
m

wmμmGm (27)

Qy = − 4N
τLy

∂�

∂Y
+

M∑
m

wmξmGm (28)

where the first and second terms on the right-hand side are the
dimensionless conductive and radiative heat fluxes.

One can identify the energy equation, Eq. (26) of the prob-
lem, as the Fourier conduction equation with one radiative
source term. This equation is solved using the control volume
method, as in Patankar [29].

The source term linearization is obtained by

Sr = SC + SP TP (29)

As the radiative source term have a complicated expression
in T (i.e., Θ), SP = 0 and SC = Sr(T

∗
P ) were used, where the

symbol T ∗
P denotes the previous iteration value of TP . Due the

non-linearities in the discretization equations which may cause
large changes in the predicted solutions and produce oscilla-
tions and/or divergence in the iteration process, the relaxation
technique (Patankar [29]) in the dependent variable is used. To
solve the radiative transport equation, over-relaxation is used
to accelerate convergence. To solve energy equation it neces-
sary to use relaxation technique specially for the case of non-
uniform grid.
The procedure of the numerical calculations starts by as-
suming that the radiative source term is zero and the energy
equation is solved to find the temperature field. The ADI line-
by-line method is used to quickly bring the information from all
boundaries to the interior. After, the radiative transport equation
is solved using DOM until convergence of intensities field is
obtained, then the radiative source term is calculated and the en-
ergy equation is solved including the source term only once for
the global iterative process to permit faster convergency. The
iterative process continues until achieving convergence of the
intensities radiative field and global iteration and the tempera-
ture field. By this procedure, it was not necessary to set chosen
temperature at the corners of the enclosure in the hot wall side,
for example T = 0.75Th as it is reported in Rousse et al. [22].

The convergence of the solution was evaluated using a con-
vergence criterion taken as the error in the intensity field in RTE
solution and the error in the temperature field respectively as,

errorG = Max

∣∣∣∣Gn
i,j − Gn−1

i,j

Gn
i,j

∣∣∣∣ � 10−6 and

errorT = Max

∣∣∣∣Θ
n
i,j − Θn−1

i,j

Θn
i,j

∣∣∣∣ � 10−5 (30)

6. Validation of radiative conductive model

Several numerical experiments were realized to ensure that
the algorithm does not have any directional march error or neg-
ative intensities. In the case of the GM scheme, the last problem
was solved by the careful implementation of Eqs. (16) and (17)
and not setting zero for the negative intensities.

A test case of radiation conduction in a square cavity with
participating media is solved. Fig. 2 shows a simplified scheme
of the cavity. Surface 2 is hot and is at temperature Th; sur-
faces 1, 3 and 4 are cold at temperature Tc, that is equal to one
half of Th. The media in cavity is gray and the boundaries are
black surfaces. The medium is further assumed to absorb and
emit radiation, but not scatter radiant energy, ω = 0.

Fig. 2. Two-dimensional cavity scheme, Tc = Th/2.
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This problem was solved using different methods. Yuen et
al. [30], who treated the radiation problem by a generalized
exponential integral function and the coupled problem by one
empirical additive approach. Also Kim et al. [28], solved the
same problem by using the DOM with S4 angular quadrature,
diamond spatial scheme and uniform grid for the radiative part
of the problem while the conductive term is discretized using
the central difference scheme. Sakami et al. [31] in their solu-
tion of the above problem used a modified discrete ordinates
method based on the incorporation of directional ray propaga-
tion relations within the cells with triangular grids and in the
conduction part of the coupled problem they used the finite el-
ement technique. In a similar way Rousse et al. [22], used the
control volume method in the radiative part and coupled with
the finite element method in energy equation and adopted trian-
gular grids. The method adopted in the present work is simple

Fig. 3. Comparison of the solution convergence for angular quadrature LC11,
for N = 1.0; 0.1; 0.01; 0.001. Uniform grid.
and can be used to handle combined heat transfer problems in
Cartesian space with non-uniform grids. It can also be used to
couple with control volume algorithms used in fluid dynamics.
The use of non-uniform grid in this case permits more accurate
calculation in the sub-domains where more accuracy is needed
(by example near of the walls) without additional computa-
tional time.

In this part of the work, the DOM is used with a non-linear
high order interpolating scheme called genuinely multidimen-
sional (GM) of Balsara [16] which was used for the case of
rectangular uniform grids in radiative problem [27], and is ex-
tended here to use with rectangular non-uniform grids. The GM
scheme is used because in all the numerical simulations real-
ized in the RTE solution, no negatives intensities were found
in iterative process, Balsara [16]. Also, the accuracy of differ-
ent angular quadratures such S4, Tn6, and the LC11 angular
quadrature is investigated.

The results are shown for several values of Planck num-
ber N = kβ/4σoT

3
h , where k is the thermal conductivity of the

medium and σo is the Stefan–Boltzmann constant. The results
from [22,28,30,31] show good agreement for N > 0.01, wher-
ever for N � 0.01 the results of Yuen et al. [30], shows no
agreement with the other authors.

It was found that the numerical solution of the energy equa-
tion needs a relaxation factor (λ) to obtain convergence. This
is important for lower N values. Fig. 3 shows the variation of
error for different values of N for the case of 20 × 20 uniform
grid. One can observe that for the lowest N value the conver-
gence of the algorithm is less quick, meanwhile in all tested
situations the algorithm was efficient. Fig. 4 shows the conver-
gence curves for N = 0.01 for 20 × 20 non-uniform grid cases
where the logarithm scale permits to observe more easily the er-
ror variation until achieving convergence. It is worth to mention
Fig. 4. Comparison of the solution convergence when using uniform and non-uniform grid and relaxation factor, for N = 0.01, angular quadrature LC11 and
βxL = 1.0.
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Fig. 5. Comparison of solution convergence for different angular quadratures:
T6, LC11 and S4; Using uniform grid and relaxation factor and for N = 0.001
and βxL = 1.0.

that obtaining a fast converged solution does not always means
accuracy of solution and it frequent to find that less order an-
gular quadrature converges fast but usually with poor accuracy.
In the case of uniform grids one can see that in some cases it
converges faster that non-uniform grid but with less accuracy
near the boundaries for the grid (by example 20 × 20 grid). It
is found that for values of rx and ry near of 1.0 one can use
over relaxation λ > 1, but for higher values of rx and ry the so-
lution requires lower values of the relaxation factor λ < 1, due
to the initial instability of solution in the iterative process. The
non-uniform grid can be used in applications where it is nec-
essary to used refined grid near to boundaries. For example for
the 20 × 20 grid, when using rx = 1.2 the cell near to the west
wall is 0.0192 m width and when using rx = 1.0 the cell near
of west wall is 0.05 m width. Hence to obtain the same refined
grid near the wall it will be necessary to use a 50 × 50 uniform
grid, requiring lot of memory and CPU time.

The solution convergence for different angular quadratures
was also investigated. The quadrature LC11 proposed by Led-
edev in [19] and recommended by Koch et al. [19], with 48
directions in 2D is included here with the Sn and TN quadra-
tures. Fig. 5 shows the comparison of the numerical solution
for N = 0.001, for Tn6, LC11 and S4 quadratures. One can ob-
serve that the agreement between the numerical results for Tn6
and LC11 quadratures is good and agree well with results of
Yuen et al. [30] and Sakami et al. [31]. While poor agreement
is found for the S4 numerical results. The use of LC11 quadra-
ture permits reducing approximately to 1/3 the computational
time of the Tn6 quadrature.

Fig. 6 shows the temperature distribution in the medium for
Planck number N , between 0.001 and 1.0 when using 20 × 20
uniform grid. The results show good agreement with those of
Kim et al. [28], Yuen et al. [30] and Sakami et al. [31]. As N

decreases, the role of the radiation increases, and the energy is
transmitted deeper into the medium, producing higher temper-
ature gradients at both faces and increasing temperatures near
the cold face. Fig. 7(a) shows the comparison of the temper-
ature distribution at Ly/2 for different non-uniform grid with
the results for uniform grid. It appears that the solutions are in
Fig. 6. Comparison of the non-dimensional temperatures distribution in the
medium, in section y = yL/2, with the solution of Yuen et al. (1988), for Planck
number N = 1.0; 0.1; 0.01; 0.001, and βxL = 1.0.

(a)

(b)

Fig. 7. Comparison of the non-dimensional temperatures distribution in the
medium, in section y = yL/2, for uniform and non-uniform grid modeling;
quadrature LC11 and βxL = 1.0.

good agreement. Fig. 7(b) shows the comparison of the temper-
ature distribution near the hot wall in section Ly/2 for uniform
and non-uniform grids. It is found that non-uniform grid solu-
tion for rx = ry = 1.2 and for rx = ry = 1.3 are close to each
other, and the points of uniform grid solution case show some
difference with respect to those results near the wall. To show
the conservation of the heat flux, calculations of the total, ra-
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Fig. 8. Comparison of the non-dimensional total heat flux distribution in the
medium, in section y = yL/2, for uniform and non-uniform grid modeling;
quadrature LC11 and βxL = 1.0.

Fig. 9. Comparison of the dimensionless total, radiative and conductive heat
flux distribution in the medium, in section y = yL/2, for N = 0.01; grid:
rx = 1.2, ry = 1.0; quadrature LC11 and βxL = 1.0.

diative and conductive heat fluxes are realized in the medium.
Fig. 8 shows the comparison of non-dimensional total heat flux
distribution in the medium at the symmetry line Y = 0.5 for
N = 0.01, when using uniform grid and non-uniform grid. In
both cases the results are in agreement with the results reported
by Kim et al. [28], and it is appears that the non-uniform curve
is more smooth. The N = 0.01 case is selected here because
it is more non-linear than other higher N values. Fig. 9 shows
the variation of radiative and conductive heat fluxes along the
x-direction at Y = 0.5. It is observed that the curves are smooth
and no heat flux inconsistencies are found by the use the non-
uniform grid. Also, it can be observed that for N = 0.01, the
radiative mode is predominant and conductive effects are more
important near the walls. Fig. 10 shows the comparison of the
total heat distribution on the hot wall for N = 0.01 and non-
uniform grid with the results of Sakami et al. [31] for the
case of pure absorption which is equal to case of pure scat-
tering (ω = 0). The results show no significant discrepancy
with respect to those of Kim et al. [28] and Sakami et al. [31].
Fig. 11 shows the non-uniform grid lines and the isotherms
Fig. 10. Dimensionless total heat flux distribution on the hot wall, x = 0, for
N = 0.01; grid: rx = 1.2, ry = 1.0; quadrature LC11 and βxL = 1.0.

Fig. 11. Non-dimensional temperature distribution in the medium using
non-uniform grid: rx = 1.2, ry = 1.0; N = 0.01; quadrature LC11 and
βxL = 1.0.

in the medium for the case of Tc = Th/2 illustrating smooth
isotherms curves in all domain.

The method is tested for high gradient temperature case, and
Fig. 12 shows the total, radiative and conductive heat fluxes
on the hot wall for the case of Tc = Th/3 for N = 0.01 and
non-uniform grid. In this case, even the radiative mode is pre-
dominant near the wall. Fig. 13 shows the isotherms in the
medium for the same case of Tc = Th/3, and one can be ob-
serve the smooth variation of temperatures in the medium. It
is found that the method and the algorithm used are adequate
when used in high temperature gradient cases.

7. Conclusions

In this study the multidimensional scheme (GM) in the clas-
sical discrete ordinates method is found to be suitable for ac-
curate calculations of radiative transfer with non-uniform grids.
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Fig. 12. Comparison of the dimensionless total, radiative and conductive heat
flux distribution on the hot wall, x = 0, for case Tc = Th/3, and N = 0.01; grid:
rx = 1.2, ry = 1.0; quadrature LC11 and βxL = 1.0.

Fig. 13. Non-dimensional temperature distribution in the medium for case
Tc = Th/3, using non-uniform grid: rx = 1.2, ry = 1.0; N = 0.01; quadrature
LC11 and βxL = 1.0.

Also, it is found that with GM, it was not necessary to use the
common technique to set zero negative intensities which that
eliminate one possible important error source in programming
code. The algorithm is used in radiation–conduction case and
the results are shown to be accurate. For higher values of rx and
ry , it is necessary to use a lower relaxation value. The method
used in this work is simple and is useful for to handle combined
heat transfer problems in Cartesian space with non-uniform
grids and can to used coupled with common volume control al-
gorithms used in fluid dynamics. The use of non-uniform grid in
this case permits accurate calculation in the sub-domains where
more accuracy is needed (near of the walls) without additional
computational time.
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